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LESSON BACKBONE

When no classifier in the declared class is perfect, what lets a data-
selected ERM rule compete with the best member of that class, and
when is such learning possible at all?

Chapter 2 gave us empirical risk minimization, VC dimension, and the Sauer-Shelah bound.
Those results answer an important realizable question, but they do not yet describe noisy
data, where even the best classifier in H makes mistakes.

We will replace perfection by a best-in-class benchmark, identify the one simultaneous
sample event that protects ERM, and derive the complete excess-risk comparison. We then
place that argument inside the Fundamental Theorem of Statistical Learning and expose
why an unrestricted class must fail on unseen labels. One difficult implication remains
deliberately open: proving that finite VC dimension supplies the needed simultaneous
event.

The three core blocks take 45, 55, and 50 minutes. Take the scheduled 15-minute break
after the first block. The final 60 minutes are protected for questions, slower reconstruction,
and recovery; they introduce no required knowledge.

Clock Mathematical work Protected
time
0-45 Replace realizability by an agnostic best-in-class 45 min core
contract
45-60 Scheduled break 15 min
60-115 Define uniform convergence and derive the ERM 55 min core

excess-risk chain

115-165 State the scoped equivalence and reconstruct the 50 min core
No-Free-Lunch mechanism

165-225 Questions, recovery, alternative calculations 60 min buffer
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When zero risk is not available

Chapter 2’s realizable model assumed that some h* € H has R(h*) = 0. Keep the same binary
prediction setting and zero-one loss, but now let the data come from a joint distribution D on
X x {0,1}. The same feature vector may receive different labels on different draws. Population
risk is therefore

R(h) =Pix y)~p(M(X) #Y), (1)

and the training sample is S = ((z;, yl))z , ~ D™. We continue to write

~ 1 &
Rg(h) = — ; Lih(a,)#u:) (2)

for empirical risk. These are the same registered risk symbols as in Chapter 2; only the
realizability assumption has been removed.

Consider a class of three diagnostic rules. Their population risks are not known to the learner,
but suppose an audit later reveals the following values.

rule R(h) Rg(h) interpretation

hy 0.15 0.16 best population risk in the
class

hqy 0.18 0.13 empirical minimizer on this
sample

hsg 0.23 0.22 worse by both measures

Table 1: Noise leaves a positive best-in-class baseline. The random sample can still make another
rule look empirically better.

If the accuracy tolerance is € = 0.04, demanding R(A(S)) < ¢ is impossible even for the best
member of this class. The meaningful target is instead

R(A(S)) < inf R(h) +¢ = 0.19. (3)

The number € measures allowed excess risk above the best achievable population risk in the
declared class. It is not distance from zero.

Definition: Agnostic PAC learnability

A binary hypothesis class H is agnostic PAC learnable if there are a learning algorithm
A and a sample-complexity function my, : (0,1)2 = N such that, for every ¢,d € (0,1),
every joint distribution D on X x {0,1}, and every m > my, (e, d), an i.i.d. sample S ~ D™
satisfies

IP’(R(A(S)) < inf R(h) + s) >1-6. (4)

The probability is over the random sample and over any internal randomness used by A.
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Read the quantifiers in order. One algorithm must work for every distribution; the required
sample size may depend on H, €, and J, but not on the unknown D. The output is judged
against the best risk available inside H, even if a better predictor exists outside it.

The infimum is deliberate. A class need not contain a hypothesis attaining its smallest possible
risk. For any comparison tolerance p > 0, the definition of infimum guarantees a comparator
h, € H with

R(h,) < ;gng(h) + p. (5)

We may prove a bound against h, and then let p approach zero. This avoids silently assuming
that a population minimizer exists.

's Y

IN-CLASS CHECK

Prompt: A diagnostic class has best-in-class population risk 0.12. For € = 0.03 and § =
0.05, which guarantee is agnostic PAC: (a) output risk at most 0.03 on every sample; (b)
output risk at most 0.15 with probability at least 0.95; or (c) expected output risk at most
0.157 Explain each rejected choice.

Hint: Attach e to the best-in-class baseline and attach § to a high-probability event.

Answer:
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IN-CLASS CHECK

Prompt: Reconstruct the agnostic PAC statement from these cards: one learner; every
joint distribution; every (g,d); sufficiently large i.i.d. sample; probability at least 1 — ¢;
best-in-class risk plus €. Put them in logical order and identify what is random.

Hint: Begin with the existence of a learner and sample-complexity function.

Answer:
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Two different approximations

An implementation may also return only an approximate empirical minimizer. We say that
hg = A(S) is an n-approximate ERM output when

Rg(hg) < égf{ Rg(h) +n, (6)
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where n > 0 is an optimization tolerance. Do not merge n with the comparison tolerance p: n
concerns how well the algorithm solves the empirical optimization problem; p is a proof device
used when the population infimum is unattained.

Worked example: Decode the diagnostic benchmark

In the table, hy is an exact ERM because its empirical risk 0.13 is the smallest displayed value.
Its population excess risk is 0.18 — 0.15 = 0.03. Thus it meets an agnostic target with e = 0.04
on this particular sample. This one successful sample is not a PAC proof: a PAC statement
must control the probability of success over fresh samples from every allowed distribution.

IN-CLASS CHECK

Prompt: Suppose an optimizer returns hg with empirical risk 0.006 above the empirical
infimum. A proof budget allows total excess € = 0.04. If two population-to-empirical
comparisons each cost a = 0.015, does the proof close?” What quantity remains unused?

Hint: Add two deviation tolerances and one optimization tolerance.

Answer:
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The benchmark is now clear, but the diagnostic table exposes the obstacle: ERM chooses a row
after seeing the same random empirical risks we want to trust. A fixed-hypothesis concentration
bound does not automatically protect that selected row. We need one event that holds for every
row at once.
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One event for every possible ERM choice

For a fixed h, concentration can make Rg(h) close to R(h). Yet the identity of hg depends on

S. The right event must therefore be true before we know which hypothesis ERM will select.

Definition: Uniform convergence

Ps..pm (sup|}?i5(h) — R(h)‘ < a) >1—-90
heH

for every joint distribution D on X x {0, 1}.

A hypothesis class H has the uniform convergence property for binary zero-one loss if,
for every a, d € (0,1), there is a finite mglc (a, §) such that every m at least this large obeys

(7)

Call the event inside the probability E,. On E_, the same sample satisfies

A

Rg(h) — R(h)| < a for every h € .

(8)

This includes the random hg and any fixed or near-best population comparator. A pointwise
statement such as P(|Rs(h) —R(h)‘ < a) >1—9 for each fixed h does not say that all

hypotheses are simultaneously good on one shared sample.

hypothesis R(h) R\S(h) covered by E_?
hg unknown at se- empirically mini- yes, because the event is simul-
lection time mal taneous
h, within p of the random sample  yes, because it belongs to H
population infi- value
mum
any other h population risk empirical risk yes, by the same supremum

event

Table 2: The uniform event is chosen to cover both rows needed in the proof, including the

data-selected row.
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IN-CLASS CHECK

Prompt: A sample satisfies the deviation bound for every hypothesis except the row ERM
selects. Can that sample belong to E_,? Would separate high-probability statements for
each fixed row repair the problem when H is infinite?

Hint: Read the supremum literally, then distinguish a shared event from many separate
events.

Answer:
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Follow the selected row across the two risks

Let hg be an n-approximate ERM, and let h, satisty R(hp) <inf,y R(h) + p. On E_, every
step below is now licensed:

R(hg) < Rg(hg) +a < Rs(hp) +a+n < R(h,)+2a+7
uniform event on hg approximate ERM compari- uniform event on h,
son

Table 3: Two deviation moves and one optimization move account for the complete excess
tolerance. Every inequality has a visible reason.

Written as a derivation,

< inf R(h) + p + 2a + 1.
heH

Because this holds for every p > 0, let p — 0.

Result: Agnostic ERM excess-risk guarantee

On the event E_, every n-approximate ERM output satisfies

R(hg) — ;gqf{R(h) <20 +1. (10)

Therefore, if uniform convergence holds with 2a + 1 < ¢, approximate ERM is an agnostic

PAC learner with accuracy € and the same failure probability 4.
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For exact ERM, n =0, so the familiar choice is a = 5. The factor two is not a mysterious
theorem constant: it records the two times the proof crosses between population and empirical
risk.

IN-CLASS CHECK

Prompt: Fill the reason for each move: R(hg) to Rg(hg); Rg(hg) to Rs(hp); and Rs(hp)
to R(h p). Then explain why a bound holding only for the fixed comparator is insufficient.

Hint: The first and third moves use the same event; the middle move uses the optimization
promise.

Answer:
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IN-CLASS CHECK

Prompt: A proof establishes E_, with a = 0.012 and confidence 0.99. The optimizer has
n = 0.005. State the resulting excess-risk and failure-probability guarantees. Would this
meet (g,0) = (0.03,0.01)7

Hint: Compute 2a 4+ 7 and preserve the same event probability.

Answer:
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Check the scale on a finite class

For each fixed h under zero-one loss, Hoeffding’s inequality gives
]P’(’RS(h) — R(h)‘ > a) < 2exp(—2ma?). (11)

When H is finite, a union bound over the class yields

P(ES) < 2|H|exp(—2ma?). (12)
Thus it is sufficient that
ln(2@)
> — ~ 7 13
m= 202 (13)

For exact ERM, substitute oo = £:

m > 2
2 2

(14)
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This recovers logarithmic dependence on class size and the agnostic siz scale. Do not merge it
with Chapter 2’s consistent realizable route, whose leading accuracy scale is % The assumptions
and bad events in the two proofs are different.

Worked example: A finite diagnostic library

Let |H| =100, ¢ = 0.10, and 6 = 0.05. Exact ERM with the finite-class calculation requires,
as a sufficient bound,
In (2100

0.05) _ 200 1n(4000) ~ 1658.81. (15)

> 2
"= 27010)2

Hence the smallest integer satisfying this displayed sufficient inequality is 1659. The calcu-
lation certifies a worst-case distribution-free bound; it is not a prediction of typical empirical
performance.

IN-CLASS CHECK

Prompt: If the finite class grows from 100 to 10,000 hypotheses while € and ¢ stay fixed,
by what additive amount does the sufficient sample bound change? Express the answer
exactly before approximating.

Hint: Subtract the two logarithms; the factor 100 enters inside a logarithm.

Answer:
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For an infinite class, |H| no longer closes the union bound. Chapter 2 suggests the right
combinatorial quantity: finite VC dimension limits the number of label patterns on finite sets.
The fact that this is exactly the boundary between learnability and impossibility is the content
of the next theorem; the proof of its difficult simultaneous-convergence arrow is not yet available.
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The complete boundary of binary learnability

The theorem below lives inside a precise frame. The tasks are binary classification, the loss is
zero-one loss, samples are i.i.d., and guarantees are distribution-free. We also assume suitable
measurability: the risks, suprema, and events whose probabilities we write must be measurable.
This qualification prevents formal probability statements from being applied to pathological
classes; we do not use it as an extra proof technique.

Definition: Fundamental Theorem of Statistical Learning

In distribution-free binary classification with zero-one loss, under suitable measurability
conditions, the following properties of a hypothesis class H are equivalent:

‘H has the uniform convergence property;

every ERM rule is a successful agnostic PAC learner;
‘H is agnostic PAC learnable;

‘H is realizably PAC learnable;

every ERM rule is a successful realizable PAC learner;
VCdim(H) < oo.

CHN S

The statement is not an unqualified equivalence for arbitrary losses or arbitrary nonmeasurable
function classes. Within its frame, finite VC dimension is both sufficient and necessary for
learnability.

10



DSAA3073: Theories in Data Science Tutorial 3A - explorative

SCOPE FRAME - CIRCLE THESE CONDITIONS

binary classification / zero-one loss distribution-free / i.i.d. samples suitable measurability

finite VC dimension -——— uniform convergence — agnostic ERM succeeds

agnostic learnability — realizable learnability

realizable learnability — finite VC dimension

\ J

Table 4: Solid arrows use mechanisms already available: the ERM comparison, dropping to the
realizable case, and the No-Free-Lunch contrapositive. The orange dashed/open finite-VC-to-
uniform connector is a future proof obligation.

IN-CLASS CHECK

Prompt: Place these cards on the map: the ERM excess-risk chain; “agnostic implies
realizable”; Sauer-Shelah; and the No-Free-Lunch contrapositive. Which card is available
input for a still-open arrow rather than a complete proof of that arrow? Circle every
assumption in the theorem frame.

Hint: The combinatorial bound does not by itself compare empirical and population risk.

Answer:
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Why unseen labels defeat an unrestricted learner

Definition: No-Free-Lunch theorem

For every learning algorithm A for binary classification with zero-one loss and every finite
sample size m with 2m < |X|, there is a realizable distribution D for which, with a nontrivial
constant probability over the sample and any learner randomness, A(S) has nontrivial
population error. In the standard quantitative statement, one may choose the problem
so that

(17)

|+~

P(R(A(S) > §) >

even though some target classifier has risk zero.

11



DSAA3073: Theories in Data Science Tutorial 3A - explorative

The quantifier order matters: for every learner, there exists a hard problem. The theorem
does not say that every learner fails on every distribution.

Here is the necessity mechanism inside a class of infinite VC dimension. Fix the learner and its
sample size m. Infinite VC dimension supplies a set

C=A{zy,...,T9,} (18)

that H shatters. Consequently, every binary labeling of C' is realized by some h € H. Draw
examples uniformly from C' and label them by one of these target functions.

The sample contains at most m distinct points, so at least m points of C remain unseen. Their
total probability mass is at least % If the target labeling is chosen uniformly from all labelings
that the shattered set supports, then after observing the sample each unseen label is still an
independent fair bit from the learner’s point of view. Whatever label the learner predicts there,
it is wrong with conditional probability %

0| Z x5 x4 x5 Zg
seen seen seen unseen unseen unseen
label 1 label 0 label 1 label ? label 7 label 7

With 2m =6 and only m = 3 observations, at least half the support is unseen. Shattering lets the hidden
labels vary without changing the observed labeled sample.

Table 5: Observed agreement does not determine the labels on unseen shattered points. The
uncertainty is about information, not computation.

The two halves multiply: at least % of the mass is unseen, and on average the learner misses %
of that mass. This produces constant expected error for some realizable target. Averaging over
target labelings then identifies one fixed hard target; a bounded-variable argument converts the
expectation into a constant-probability failure. The complete averaging and constant calculation

are collected in the zero-minute appendix.

IN-CLASS CHECK

Prompt: In the six-point picture, the learner saw the first three labels and predicts (0,0, 1)
on the three unseen points. Give two target labelings that agree on all observed points but
make different unseen predictions fail. Why must both targets be realizable by H?

Hint: Keep the observed prefix (1,0,1) fixed and vary the final three bits.

Answer:
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IN-CLASS CHECK

Prompt: Correct this statement: “No-Free-Lunch says that ERM fails on every distrib-
ution whenever the hypothesis class is infinite.” Then state the contrapositive used in the
Fundamental Theorem.

Hint: Repair the quantifiers and replace raw cardinality by VC dimension.

Answer:
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Standard language to carry forward

Standard term or
notation

Agnostic PAC learn-
ability

Excess risk

Uniform convergence

Agnostic ERM guaran-
tee

Fundamental Theorem
of Statistical Learning

No-Free-Lunch theorem

Meaning in this Tutorial

Compete with the best population
risk in ‘H on every joint distribu-
tion

Population risk above the best-in-
class infimum

One sample controls empirical-to-
population deviation for every h
simultaneously

Two deviation moves plus opti-
mization error

Within the binary zero-one mea-
surable frame, finite VC dimension
exactly characterizes learnability

Every learner has a hard realizable
problem when no restriction limits
unseen labels

14

Formula or proof cue

R(A(S)) < infypy R(h) + ¢

R(h) — infyeqy R(g)

<«

SUDpen f%s(h) - R(h)‘

excess < 2a+ 1

six equivalent properties

for every learner, there exists
a hard problem



DSAA3073: Theories in Data Science Tutorial 3A - explorative

Reconstruct the Tutorial 3B entry

IN-CLASS CHECK

Prompt: Reconstruct the entire argument without using notes. Your response must: (i)
state the agnostic PAC quantifiers; (ii) define the uniform event; (iii) derive the approx-
imate-ERM chain with all tolerances; (iv) state the Fundamental Theorem with its scope;
and (v) explain the shattered-set, random-label, and unseen-label necessity mechanism.

Hint: Use the registered symbols H, S, R, RS, (€,6), and VCdim(H) consistently.

Answer:
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Exact entry interface

Exact entry item What you must be able to recon- Origin
struct
Empirical risk minimiza- compare empirical risks; allow an 7 opti- Chapter 2
tion mization tolerance
VC dimension constructive lower bound plus universal Chapter 2
upper bound
Sauer-Shelah lemma finite VC dimension gives polynomial re- Chapter 2
striction growth

Agnostic PAC learnability best-in-class excess-risk quantifiers Tutorial 3A

Uniform convergence one supremum event for every hypothesis Tutorial 3A

Agnostic ERM guarantee the 2a + 1 comparison chain Tutorial 3A

Fundamental Theorem the six scoped equivalent properties Tutorial 3A

No-Free-Lunch theorem shattered unseen labels force necessity Tutorial 3A
H the declared candidate hypothesis class stable notation
S = ((z;, yl))z L an ordered i.i.d. labeled training sample stable notation
R(h) population risk under the declared distri- stable notation

bution and loss
Rs(h) sample-average empirical risk stable notation
(€,0) accuracy tolerance and failure probabil- stable notation
ity

VCdim(H) largest shattered-set size, or infinity stable notation

Table 6: The fourteen rows are exactly the knowledge and notation Tutorial 3B may assume.

Key Takeaway

Agnostic learning replaces perfection by competition with the best member of a declared
class. Uniform convergence is the event that makes this competition safe for a data-selected
ERM output, and its proof reveals the exact tolerance 2« + 7. In the standard measurable
binary zero-one setting, finite VC dimension is exactly the learnability boundary. Infinite
VC dimension fails because a finite sample cannot reveal random labels on a large shattered
set. The open finite-VC-to-uniform arrow is where Tutorial 3B begins; a technique called
symmetrization will be defined there, not used here.
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Optional self-study extension

OPTIONAL DEEP DIVE - 0 CLASS MINUTES

Question: How do the random-label and unseen-point ideas yield the standard No-
Free-Lunch constants % and %?

Answer.

Fix a learner A and a sample size m. Choose a set C' of 2m points. In the class-level necessity
argument, C' is shattered, so all target labelings below are realized by hypotheses in H. For
each binary function f : C' — {0,1}, let D; be uniform on the labeled pairs {(z, f(z)) : x €
C}. Then RDf(f) = 0.

Average uniformly over all 22™ functions f, over S ~ Df*, and over any randomness of A.

After conditioning on the sampled inputs and observed labels, at least m support points

remain unseen. Their target bits are conditionally independent and uniform, so every learner

prediction there is wrong with probability % The unseen mass is at least 5~ = %;
1 1

conditional expected risk is at least (%) (5) =17

hence

Averaging cannot exceed the largest component. Hence there is at least one fixed target f*

for which
1
Eg. o4 [Ro,. (A(9))] = 1. (21)
Let Z = Rp (A(S)), so 0 < Z <1, and write p =P(Z > ). Splitting the expectation at
1 !
5 gives
1 1 p
E[Z] < (1-p)(5) +2() = 5+ T (22)

Combining this with E[Z] > § gives p > 1. Thus the learner has risk at least § with proba-
bility at least %, although the fixed target f* has risk zero. This completes the averaging,
occupancy, and constant-probability bookkeeping.

Post-class or self-study. Not a prerequisite for the core path.
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Source notes

The official Week 3 Learning Sheet v4 is used only to preserve the assigned scope and

sequence: w03-agnostic-pac, printed/PDF pp. 1-6; wo3-uniform-convergence, pp. 7-16; and wo3-

fundamental-theorem, pp. 17-27. The later random-sign, ghost-sample, symmetrization, rate,
and model-selection units are not taught here. Their proof machinery belongs to Tutorial 3B.

Definitions, results, arguments, and examples were reconstructed from:

Shalev-Shwartz and Ben-David, Understanding Machine Learning, Section 3.2.1 and
Definition 3.3 (printed/PDF pp. 44-47), for the joint data-label distribution and agnostic
best-in-class guarantee;

Shalev-Shwartz and Ben-David, Sections 4.1-4.2, especially Lemma 4.1, Definition 4.3,
Corollaries 4.4 and 4.6 (printed/PDF pp. 54-58), for uniform convergence, the ERM
comparison, and the finite-class calculation;

Shalev-Shwartz and Ben-David, Theorem 5.1 and Section 5.1 (printed/PDF pp. 61-64),
for No-Free-Lunch, unseen labels, and the optional constant bookkeeping;
Shalev-Shwartz and Ben-David, Theorems 6.7-6.8 and Sections 6.4-6.5 (printed /PDF pp.
72-78), for the Fundamental Theorem, implication map, and finite-VC proof boundary;
Mohri, Rostamizadeh, and Talwalkar, Foundations of Machine Learning, 2nd ed., Section
3.1 (printed pp. 30-34; PDF pp. 47-51), for the convention that the relevant suprema and
risk events are measurable.

The full No-Free-Lunch bookkeeping is optional, receives zero class minutes, and exports no

knowledge required by the core path. All required teaching uses only binary zero-one classifi-

cation and the stated measurability boundary.
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DSAA3073: Theories in Data Science

Tutorial 3B: Build the Missing (Generalization
Bound

150-minute core tutorial - 15-minute break - 60-minute protected buffer

Wei WANG - HKUST(GZ) - 2026-08-17

(Explorative projection )
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LESSON BACKBONE

Finite VC dimension limits label patterns. How can an independent
sample and random signs turn that combinatorial fact into a uniform
statistical guarantee, and then into a principled way to choose a model
class?

Tutorial 3A left one dashed arrow open: finite VC dimension should imply uniform
convergence. Sauer-Shelah controls how many restrictions a binary class can realize on a
fixed finite set, but the deviation we need contains a population expectation and a class
selected through the random sample.

We will first measure how strongly a loss class can align with random signs. Then
an independent copy of the sample will convert the population deviation into a paired
empirical process, and exchangeability will expose exactly two random-sign terms. The
final block reads the resulting sample rates, turns simultaneous class bounds into structural
risk minimization, and makes the choice of proof method explicit.

The three core blocks take 35, 70, and 45 minutes. Take the scheduled 15-minute break
after the first block. The last 60 minutes are protected for questions, reconstruction, and
recovery; they introduce no required knowledge.

Clock Mathematical work Protected
time
0-35 Define empirical Rademacher complexity and cal- 35 min core

culate it exactly

35-50 Scheduled break 15 min

50-120 Build the ghost-sample and symmetrization proof 70 min core
chain

120-165 Compare rates, derive SRM, and select a proof 45 min core
route

165-225 Questions, recovery, alternative derivations 60 min buffer
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Let noise probe the loss class

Tutorial 3A ended with fourteen entry items. The mathematical ones we use immediately are
the h}Alpothesis class H, an i.i.d. labeled sample S = ((z,, yz))z ,» bopulation risk R(h), empirical
risk Rg(h), finite VCdim(#H) = d, and the Sauer-Shelah restriction bound. The agnostic ERM
comparison tells us why the target is the uniform event

sup|R(h) — Rs(h)‘ <a. (23)
heH

The Fundamental Theorem says that finite d is sufficient. It did not yet give the statistical proof.

Write Z2 = X x {0,1} and associate each hypothesis with its zero-one loss function
9n(z) = 1{h(m)¢y}a z=(z,y), G={gp:heH} (24)

The distinction matters: H contains predictors z + h(z), while G contains real-valued loss
functions z - g,,(z). On the fixed sample, each g produces a vector gg = (9(21), .-, 9(2,,))-

Suppose a fresh vector of independent signs o = (0, ..., 0,,,) is drawn, with P(o;, = +1) = P(0; =
—1) = % The sample stays fixed. For every sign vector, ask which loss vector has the largest

normalized inner product with o.

0y T2 O3 o o-%
+1 +1 +1 0 2
+1 +1 -1 0 2
+1 —1 +1 0 0
+1 —1 -1 0 0
—1 +1 +1 0 0
—1 +1 -1 0 0
—1 -1 +1 0 -2
-1 -1 —1 0 -2

Table 7: On this fixed three-example sample, g, = (0,0,0) and g, = (1,1, 0). For each sign row,
maximize across the two loss columns before averaging across rows.

The maximizing value is 2 in the first two rows and 0 in the other six, because g, is always

[#(2)+6(0)
8

available. Its average is = %. The order is visible: fix S, draw o, maximize over G,

then average over o.
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Definition: Empirical Rademacher complexity

Let G be a class of real-valued functions on Z, and let S = (2q,...,%,,) be fixed. Its
empirical Rademacher complexity is

Rs(9) = [SUP — Z 0,9(2 ] (25)

geg M

where the o; are independent and uniform on {—1,+1}, independent of the sample. We
assume the displayed supremum is measurable.

The registered symbol is Rg(G). We do not use a script R for this quantity because R(h) is
already population risk. The distribution-averaged version is

R,.(9) = Eg.pm [Rs(9)). (26)

The empirical quantity conditions on the observed sample; the expected quantity also averages

over samples. In the table above, R¢(G) = 1.

Worked example: A class that can fit every sign

Suppose the restriction vectors of G contain every vector in {—1,+1}™. For each sign vector
o, choose g with gg = 0. Then

1
sup - gg = 1, (27)
geg M

s0 Rg(G) = 1. A class with fewer available restriction vectors cannot necessarily follow every
random sign. The quantity therefore measures richness on the observed inputs, not training
accuracy on the observed labels.

IN-CLASS CHECK

Prompt: For the eight-row table, explain why averaging each loss vector over signs before
maximizing gives the wrong answer. Then recompute the correct value.

Hint: The maximizing loss function may depend on the realized sign vector.

Answer:

“[°x °dns] “g enbe jou pesu [°x| g “dns ‘ersusd uy

(82) ¥
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‘2107 masd 76 pue smoi aaryisod-aaryisod omy oY) ur 96 asooyp Aeur 41 :[Edns] ©n soxe) PEIISUI UOTHTUYP
oY, '019Z SI WINWIXRW IOY} PUR 0I9Z UOIIR)IIIAXS 0ARY SWINS POUSIS Poxy [10q ‘)sI oFelore om J[
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IN-CLASS CHECK

Prompt: Classify each object as fixed, random, or optimized in D‘A{S(g): S, o, g, and G.
What extra randomness enters R,,(G)?

Hint: Read the operations from the inside outward.

Answer:

“w(d ~ § ordures
WOpURI 97} I9A0 UOI)e10adxo I9Ino ue sppe Axoiduwod pajoodxe oy ], "0 PozI[eal yoes 10} A[ojeredos
pozrwrydo ST 6 pue ‘WOPURI SI O ‘POXy 9IR A SSB[D PaIR[ISD 9Y) pur § ‘Ajrguenb pesurduws oyl I0g

J

An unknown R(h) does not invalidate probability analysis. Hoeffding’s inequality routinely
bounds deviations from unknown expectations, and a union bound is fully valid for a fixed
finite . The obstacle for an infinite class is subtler. The set of restrictions #|s depends on the
same random sample, and two hypotheses that agree on S can have the same empirical risk but
different population risks. Counting only their observed restrictions therefore does not directly
control the population-deviation events.

We need a finite paired empirical process whose behavior can be counted after conditioning
on its sampled points. That is the job of an independent copy of S.
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Replace the population by an independent empir-
ical copy

Before naming the proof devices, inspect the factor ledger. Let Eg[g] = m™ >, 9(2;). The four

stages are
stage process factox: en reason for next arrow
tering

1 Egsup, (]E DY — ES g) - independent empirical copy
2 Eg o supg(ES,ngSg) 1 supE < Esup
3 Eg g, sup,m ™ 2.0 (g(z;) — g(zl)) 1 pair swapping preserves the law
4 2R,.(G) 2 supremum subadditivity
o; subtracted slot added slot observable action and answer
+1 z; — z; keep (z;, 2, ); contribution g(z; ) — g(z;)
-1 z; — z; swap to (2 , z;); contribution g(z;) — g(z; )

Table 8: Cover the last column, use the sign to place each paired row, then reveal the answer.

The ghost step still has factor one: o, = +1 keeps the orientation and o; = —1 swaps it.

Exchangeability licenses the later signed equality; only the final supremum split creates factor
two.

Because each pair is i.i.d., the keep and swap orientations have the same distribution. The
switch is the concrete mechanism behind both definitions that follow.

s 3

Definition: Ghost sample

Given S = (24, ..., 2,,) ~ D™, a ghost sample S’ = (%] ,...,2,, ) ~ D™ is an independent
i.i.d. sample of the same size from the same distribution. It is introduced only inside the
proof so that Eg [ES, [g]] = Ep|g] for every fixed g.

J

The algorithm never receives S’. It is not a validation set, a second training set, or extra data
promised to the learner. Independence lets the analysis replace a population expectation by an
expectation of an empirical average without changing the algorithm.

IN-CLASS CHECK

Prompt: A practitioner splits the observed data into training and validation sets and
reports validation error. Is the validation set the ghost sample in this proof? State one
similarity and two differences.

Hint: Separate a proof distribution from data actually consumed by a procedure.

Answer:

"9ZIS JRY[) 9ART] J0U Padu 1[ds TOTIRPI[eA © SeaIoym ‘paired 9q UeD SUOIJRAIISCO JRY) OS G [DIRW 0
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Definition: Rademacher symmetrization

Rademacher symmetrization bounds a worst-case population-minus-empirical devia-
tion by a paired empirical difference, uses exchangeability of the sample pairs to insert
independent random signs, and splits the paired supremum into two Rademacher-complex-

ity terms.

We now justify every arrow. Let G map Z into [0,1], assume the relevant suprema are
measurable, and define

®(S) = sup(Ep[g] — Eslg]). (29)

geg
For every fixed S,
®(S) = Sl;p Eg [ES’ 9] — Es [9]]
A A (30)
< By [sup (sl - Eslal) |
g

The inequality is sup, E [X g] <E [supg X g]. Taking expectation over S gives
1 & ,
Eg[®(5)] < Eg s [Sllp — > (9(#) - g(zi))] : (31)
g =1

There is no factor two here.

Now draw independent Rademacher signs. For each 4, multiplying g(z; ) — g(#;) by 0, = —1 is
the same as swapping z; and z; . The joint law is unchanged, so

Es,s [sgp % > (o() - Wﬁ)]

%

(32)
=Es5.0 [Sgp % Z 9 <9<z;) - 9(%))] :
Finally, subadditivity of the supremum gives
Es s o [SEP % XZ: g (9(22 ) - Q(Zi))]
(33)

T

=2R,,(9).

+Eg, [ ;ulgz—z(—oi)g(zi)]

The last equality uses the identical distributions of S and S” and of o and —o. This is the only
step in the chain that creates the factor two.
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Result: Expected one-sided symmetrization bound

For a measurable class G of functions Z — [0, 1],
Bs [sup(Eols] - Bsld) | < 2%,(0) 34
ge

The ghost-sample step has coefficient one; the random-sign split produces the final coeffi-
cient two.

IN-CLASS CHECK

Prompt: Write 1, 1, or 2 under the three arrows: population deviation to ghost difference;
ghost difference to signed paired process; signed paired process to separate Rademacher
terms. Name the justification for each.

Hint: The first two transformations do not split a supremum into two pieces.

Answer:

"SULIO) IOYORWDPRY POINLIISIP A[[RIIIUSPT om) Suronpord
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IN-CLASS CHECK

Prompt: For one pair (z;, 2;/), list the summand when o, = +1 and when o, = —1. Why

1) 7

is averaging over these signs legitimate only because the pair is exchangeable?
Hint: A negative sign reverses the difference.

Answer:

‘uorje)oodxe oY) oSurRYD P[NOd USIS oY) SUIpIOsUl ‘AJI[Iqe
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From the expected process to a probability statement

The expected inequality above is not yet a probability statement. We now invoke the high-
probability form of Mohri, Rostamizadeh, and Talwalkar’s Theorem 3.3. Its concentration step
is part of the cited theorem rather than a new proof tool required in this Tutorial:
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Result: Rademacher generalization bound

For any § € (0, 1), with probability at least 1 — d over S ~ D™ every g € G satisfies

Epls] < Bslg] +204,(0) + | oz, (35)

A data-dependent version replaces the expected complexity by the observed 9?{5 (G) and has
the valid bound

n(2
Eplg] < Eglg] +2%R(G) +3 % (36)

Apply the one-sided theorem to G and to the complemented loss class 1 —G = {1 —g: g€ G},
then split the confidence budget between the two directions to control absolute deviations while
keeping the declared [0, 1] range. The exact constants depend on the chosen one-sided or two-
sided form; the structural message is stable: a Rademacher term controls the class-wide search,
and a concentration term controls the remaining sample fluctuation.

IN-CLASS CHECK

Prompt: Correct the statement: “A direct probability bound is impossible because R(h)
is unknown, so the ghost sample makes it computable.” What is the actual obstacle, and
what does the ghost sample create?

Hint: Unknown expectations are normal in concentration inequalities. Focus on sample-
dependent restriction classes.

Answer:

‘Ayxe[duwiod IeyormWepRY YSNOIY) I0 A[[RLIOJRUIGUIOD PI[[OIJUOD 9( URD IOIARYD(
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Close the dashed finite-VC arrow

Keep the zero-one loss class declared at the start of this Tutorial. On the fixed labeled sample
S = (21, ..., 2,,,), define its restriction set

Ws = {(9n(21), -, gn(2m)) - h € H} C{0,1}™. (37)

For fixed labels, changing a prediction vector into its zero-one error vector is coordinatewise
and one-to-one. Hence |Wg| < IL,, (m). Every w € Wy satisfies |w|y < «/m. Massart’s lemma
therefore gives the explicit chain

m m
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If VCdim(H) = d and 1 < d < m, Sauer-Shelah supplies

T, (m) < Jﬁ;(?) < (e%)d. (39)

When d = 0, handle the boundary separately: II,,(m) = 1, so the finite-class Rademacher term
is zero. For 1 < d < m, substituting the Sauer bound into the high-probability theorem and
applying the two-direction argument above yields the two-sided uniform-deviation scale

sup|R(h) — Rs(h)| = O \/dln(e%) +In(3) (40)

heH m

with probability at least 1 —J. The logarithmic form shown here is a standard elementary
closure through Massart plus Sauer. Sharper analyses can remove or reorganize some logarithmic
factors, but they do not alter the finite-VC learnability conclusion.

This completes Tutorial 3A’s dashed arrow within the stated binary zero-one, distribution-free
i.i.d. setting. As before, we require suitable measurability of the risks, suprema, and events.
The caveat rules out pathological formal objects; it is not a source of statistical complexity and
not a step that changes the bound.

IN-CLASS CHECK

Prompt: Put these four cards in causal order: Sauer-Shelah; Massart’s lemma; Rademacher
generalization bound; finite-VC uniform convergence. State what each card contributes.

Hint: Move from a combinatorial count to a random-sign average and then to a population
deviation.

Answer:
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Worked example: Read a VC-controlled radius

Ignore universal constants and take the displayed order bound with d = 10, m = 1000, and
6 = 0.05. Its numerator is

1000
101n (6(1—0>) + In(20) =~ 59.05. (41)

59.05
1000

calibrated numerical confidence interval. The calculation is useful for comparing how d, m,

The resulting scale is ~ 0.243. This is a distribution-free worst-case scale, not a

and § enter, while theorem-specific constants must be retained for an actual certificate.
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Read the rate before choosing the class

The Fundamental Theorem has two quantitative regimes. Hold the VC dimension d and
confidence § fixed, then ask what happens when the target ¢ is halved.

regime representative sample leading epsilon halving €
scale power
realizable PAC (d+ In( ) % about 2 x, plus logs
1 1)
o O(dln = 5 )

. d+1n(1) 1
agnostic PAC / © ——=) up to absolute = about 4 x
uniform conver- constants

gence

Table 9: Realizable learning detects consistency; agnostic learning estimates an excess-risk
comparison in noise. The upper and lower statements must keep their logarithmic qualifications.

3

Definition: VC sample-complexity rates

For binary zero-one classes with finite VC dimension d, realizable PAC learning has leading

accuracy dependence =, with a standard upper bound containing d ln( ) and a lower bound
of order L()
1

=5, with matching

Agnostlc PAC learning and uniform convergence have leading dependence

h;( 5)

upper and lower orders up to absolute constants.

J

The difference is not a contradiction. In the realizable case, a consistent hypothesis can be
rejected when it makes a population error on a sampled point. In the agnostic case, the learner
must estimate a difference between nonzero risks accurately enough to compete with the best
member of the class; mean estimation naturally produces the squared accuracy dependence.

IN-CLASS CHECK

Prompt: A noisy classification problem requires excess risk at most . A proposed sample
calculation scales like % Which assumption would be needed to justify that leading rate,
and why is it unavailable here?

Hint: Distinguish consistency with a perfect target from estimation around a positive
optimum.

Answer:
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Let every class carry its own certificate

Suppose the search space is a countable union H = U,y H},, and every H,, has a valid uniform
deviation radius €,(m, d;) for 6, € (0,1). For every active class choose w;, > 0 with }  w; =1,
and set §, = w, 0. For each fixed k, the class bound fails with probability at most d,; a union
bound gives total failure probability at most ) 0, = 0. Thus, with probability at least 1 — 9,
simultaneously for every k and h € H,,

R(h) < Rg(h) + 1,(m, w;,0). (42)

nested class wy, R S penalty bound certificate route
Hq % 0.18 0.06 0.24 finite union
Hy D Hy 3 0.11 0.10 0.21 VC growth
Hs D H, i 0.08 0.16 0.24 Rademacher

Table 10: The weights sum to one. Training error favors the largest nested class, but the
smallest certified simultaneous upper bound selects H,. Each penalty names the proof route
that supports it.

Definition: Structural risk minimization

Structural risk minimization (SRM) chooses across a declared finite or countable
family of classes by minimizing a simultaneous class-specific upper bound,

RS(h‘) + ‘Ek‘(m) wk(s)’ h € Hk:’ (43)

where every active class has w;, > 0, Zk wy, = 1, and each penalty comes from a justified
uniform bound for its class. A zero-weight class is excluded from the active family (equiv-
alently, it has infinite penalty). If a hypothesis lies in several active classes, use the smallest
valid bound assigned to it.

This is more than adding an attractive square-root term to training error. The class family,
confidence allocation, and theorem supporting every ¢, must be declared. Without them, the
expression may be a useful heuristic but is not the stated distribution-free SRM guarantee.

IN-CLASS CHECK

Prompt: Using the table, select the SRM class and explain why empirical risk alone gives
a different answer. If the weights summed to 1.2, would the confidence argument still certify
failure probability at most §7

Hint: Add the last two columns and inspect the union-bound budget.

Answer:
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910119 9OUIPYUOD PISIYIOAPE A} ‘¢ J0U ‘gz’ souw Je Afiqeqord aanjrej 9AIS P[nom puNoq Uorun
9T} ‘g’ 0} pauwrwuns SIYSTom oY} JT "AJUTe)Is0Uun UOIYeTI)Se I9SIe] ST 9I0UST pue §0°() 18 74 19[S pnom
suore ysi reorrtdwry ‘Spunoq g0 Yioq Uey) IS[[ews ST [g'0 = 0T'0 + TT°0 Sneddq %3 s10971s NHS

30



DSAA3073: Theories in Data Science Tutorial 3B - explorative

Match the proof to the available structure

The same target statement can admit several valid bounds. The shortest sound route depends
on what is known about the class and whether the goal is an upper bound or an impossibility

result.
available struc- target first route to try decisive object
ture
fixed finite H uniform upper bound Hoeffding plus union In|H|
bound
binary class, finite distribution-free up- Sauer/growth plus Mas- IT,,(m) and d
VC dimension per bound sart
real-valued loss generalization upper ghost sample  plus R 5(9)
class or use- bound Rademacher Sym-
ful data-dependent metrization
geometry

claimed wuniversal lower bound / impos- shattered set and indis- unseen alternatives
learner or rate is sibility tinguishable labels
too strong

Table 11: Infinite cardinality alone does not force one route. Use the simplest structure that
actually controls the target statement.

Course strategy - proof-route decision aid

This course uses the table as a decision procedure: match the target claim and available
class structure to a finite union bound, growth/VC control, Rademacher symmetrization, or a
shattered-set lower-bound construction. This is a course strategy for organizing known tools,
not a standard named textbook definition.

IN-CLASS CHECK

Prompt: Choose a route for each claim: (i) a library of 500 fixed classifiers; (ii) binary
halfspaces with known finite VC dimension; (iii) a Lipschitz real-valued loss class with a
directly bounded empirical random-sign complexity; (iv) a claim that every binary labeling
rule is learnable from m samples.

Hint: Ask whether the claim is an upper or lower bound, then identify the strongest
available structure.

Answer:
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Tutorial 3B - explorative

Standard language to carry forward

Standard term or no-

tation
Empirical ~ Rademacher
complexity

Ghost sample

Rademacher symmetriza-
tion

VC

rates

sample-complexity

Structural risk minimiza-
tion

Meaning in this Tutorial

Random-sign fit of a function class
on a fixed sample

Independent same-distribution

sample used only inside the proof

Population deviation to paired
process to two signed suprema

Realizable and agnostic regimes
have different leading accuracy

powers

Minimize a simultaneous empirical-
risk-plus-penalty certificate over
active classes
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Formula or proof cue

Rs(G) =
E,sup,m ' 3 0;9(2;)
S’ ~ D™, independent of S

factor ledger 1,1, 2

L versus &
£ €

6]%‘ - wk(S,

kak =1
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Reconstruct the chapter boundary

The Chapter 4 entry has exactly three items. Two are earlier mathematical background, and
one is new here.

e ‘

IN-CLASS CHECK

Prompt: Without notes, reconstruct: (i) the definition of a Hilbert space at the level
established in Chapter 1; (ii) the linear-algebra facts that let matrices and quadratic forms
be read spectrally; and (iii) the SRM principle. Then state the common question these
three views create for the next chapter.

Hint: Keep the first two items as recalled prerequisites. Do not introduce a new regression
formula.

Answer:
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Key Takeaway

Fixing the sample before drawing random signs makes R 4(G) a precise measure of how well
a loss class can follow noise. An independent ghost sample turns the population deviation
into a paired empirical process. Exchangeability inserts the signs without changing the
coefficient, and supremum subadditivity creates exactly two Rademacher terms. Massart
plus Sauer then closes the finite-VC-to-uniform arrow. The resulting rates distinguish
realizable detection from agnostic estimation, while SRM uses valid simultaneous class
penalties to make model choice part of the guarantee rather than an afterthought.
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Source notes

The official Week 3 Learning Sheet v4 supplies the assigned sequence and scope for w03-
rademacher (printed/PDF pp. 28-29), wo3-symmetrization (pp. 30-41), and w03-lower-bounds-
srm (pp. 42-49). Two historical claims in that sheet are not retained. An unknown numerical
value of R(h) is not what invalidates probability analysis; the relevant obstacle is the sample-
dependent restriction class and its population deviations. Also, its equation (42) places an extra
factor two before the ghost-sample difference. The corrected chain above follows the original
textbook proof: the ghost step has no multiplicative two, and the factor appears only after the
signed paired supremum is split.

Definitions, results, and proof steps were reconstructed from:

e Mohri, Rostamizadeh, and Talwalkar, Foundations of Machine Learning, 2nd ed., Defin-
itions 3.1-3.2 and Theorem 3.3 (printed pp. 30-33; PDF pp. 47-50), for empirical and
expected Rademacher complexity, the ghost-sample inequality, exchangeability, the two-
term split, and the high-probability bounds;

o Mohri et al., Massart’s lemma and Corollaries 3.8-3.9 (printed pp. 35-36; PDF pp. 52-53),
together with the previously established Sauer-Shelah lemma, for the growth-function and
VC closure;

o Shalev-Shwartz and Ben-David, Understanding Machine Learning, Theorem 6.8 (printed/
PDF pp. 72-73), for the realizable and agnostic sample-complexity regimes and their
logarithmic qualifications;

o Shalev-Shwartz and Ben-David, Section 7.2, especially Theorem 7.4 (printed/PDF pp.
85-88), for summable confidence allocation and structural risk minimization.

All core statements remain within bounded measurable function classes; the VC conclusion is
used for distribution-free binary zero-one classification. No optional material carries a prereq-
uisite, and no required activity uses the protected 60-minute buffer.
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